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The concept of jamming has attracted great research interest due to its broad relevance

in soft-matter such as liquids, glasses, colloids, foams, and granular materials, and its deep

connection to the sphere packing problem and optimization problems. Here we show that

the domain of amorphous jammed states of frictionless spheres can be significantly extended,

from the well-known jamming-point at a fixed density, to a jamming-plane that spans the

density and shear strain axes.
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The purpose of this project is to de-

velop a set of high-performance computa-

tional schemes to study rheological proper-

ties of amorphous solid states of soft-matter

such as dense assemblies of colloids and emul-

1

The purpose of this project is to develop a set of high-performance computational schemes to study rheological 
properties of amorphous solid states of soft-matter such as dense assemblies of colloids and emulsions (see the 
right figure). Our project is motivated by the recent developments of the mean-field theory for amorphous, glassy 
soft- matters in recent years [1] which produced interesting predictions on the rheological properties [2, 3, 4]. 
However the mean-field theory is exact only in the large dimensional limit and its validity in the real three 
dimensional systems is a totally open question 

[1] Patrick Charbonneau, Jorge Kurchan, Giorgio Parisi, Pierfrancesco Urbani, and Francesco Zamponi. Nature communications, 5:3725, 2014.

[2] Hajime Yoshino and Francesco Zamponi. Physical Review E, 90(2):022302, 2014. 

[3] Corrado Rainone, Pierfrancesco Urbani,  Hajime Yoshino and Francesco Zamponi, Phys. Rev. Lett.  114(1), 015701, 2015

[4] Pierfrancesco Urbani and Francesco Zamponi. Phys. Rev. Lett. , 118(3), 038001, 2017. 



 Development of parallelized rheology simulation schemes 

1.Preparation of ultra-stable glassy states at low temperatures/high densities. Such a state is represented as the 
’starting point’ - the green-square point - in the figure. This is a hard-sphere configuration in a glassy state.  

2.Glass state following under quasi- static perturbations As shown in the figure, we explore the system under 
perturbations by applying the volume strain ε, shear-strain γ and temperature T . (kB is the Boltzmann’s constant.) 
Here U0 is the energy scale for the deformation of spheres so that U0 → ∞ in the hard-spheres. With the hard-
spheres, we are confined in the kB T /U0 = 0 plane. Starting from the initial configuration (green-square), we can 
bring the assembly of hard-spheres to each point in the region bounded by the thick-gray line. The hard-sphere 
glass state yields beyond the yielding line γY and jamms approaching shear-jamming line γJ. 

Schematic stability-map of ultra-stable, emulsion glass upon deformations (normal/shear strain) and heating: the 
initial glass (marked by the green square) is prepared with the help of the swap-Monte Carlo method.
The region enclosed by the thick-gray line corresponds to the hard-sphere regime.
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sions (see the figure above). Our project is

motivated by the recent developments of the

mean-field theory for amorphous, glassy soft-

matters in recent years [1] which produced in-

teresting predictions on the rheological prop-

erties [2, 3, 4]. However the mean-field theory

is exact only in the large dimensional limit

and its validity in the real three dimensional

systems is a totally open question.

In the present project we will develop par-

allelized simulation schemes which enable

1. Preparation of ultra-stable glassy

states at low temperatures/high densi-

ties. Such a state is represented as the

’starting point’ - the green-square point

- in Fig. 1. This is a hard-sphere config-

uration in a glassy state.

2. Glass state following under quasi-

static perturbations As shown in

Fig. 1, we explore the system under per-

turbations by applying the volume strain

ε, shear-strain γ and temperature T .

(kB is the Boltzmann’s constant.) Here

U0 is the energy scale for the deforma-

tion of spheres so that U0 → ∞ in the

hard-spheres. With the hard-spheres, we

are confined in the kBT/U0 = 0 plane.

Starting from the initial configuration

(green-square), we can bring the assem-

bly of hard-spheres to each point in the

region bounded by the thick-gray line.

The hard-sphere glass state yields be-

yond the yielinding line γY and jamms

approaching shear-jamming line γJ.

The core part of our project is paralleliza-

tion of the swap Monte Carlo (MC) [5]

method which enables preparation ofʠultra-

stable glassesʡ, i.e. unprecedentedly stable

glasses against decompression and shear de-

formations, by computer simulations. We
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 Models and Methods

FIRE algorithm

SWAP algorithm

Assembly of N hard/soft spheres in a box with volume V
P (D) ⇠ D�3Polydisperse spheres with pdf of diameter D

Energy minimization scheme used to 
remove overlaps between soft-spheres 
(GPU parallelization, done)

To enhance equilibration of the initial hard-
sphere configurations,  the position of 
spheres with different radii are exchanged 
(GPU parallelization in progress) 

Event driven molecular dynamics To simulate hard-spheres, even-driven 
MD code is developed



 Analysis of jamming via compression/shear
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ਤ 3 Isostaticity and universality of jam-

ming. We show scalings (a-b) above jam-

ming ϕ > ϕj in athermal SSs, and (c-d)

below jamming ϕ < ϕj in thermal HSs,

for ϕeq = 0.643 and N = 8000. Data in

(a-b) are obtained from athermal compres-

sions of SS packings from ϕj to ϕ, for a few

different ϕj along the SJ-line. (a) Energy

density emech versus coordination number

z. (b) Mechanical pressure Pmech and the

excess coordination number z− zj as func-

tions of ϕ− ϕj.
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• Yuliang Jin, Hajime Yoshino, ʞA Jam-

ming Plane of sphere packingsʟ, (sub-

mitted) preprint: arXiv:2003.10814
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reversible-glass (stable glass) regime, the glass responds
elastically to shear. In the partially irreversible-glass
(marginally stable glass) regime, the glass is marginally
stable and experiences mesoscopic plastic deformations
under shear. At larger strains, the system either yields
and becomes irreversible, or jams. To avoid confu-
sion, we use reversible-glass/irreversible-glass/partially
irreversible-glass for the stability-reversibility map, and
reversible-jamming/irreversible-jamming for the J-plane.
The irreversible-jamming part of the SJ-line lies in the
irreversible-glass regime, as a consequence of HS yielding
detected by the measurement of the entropic stress dis-
cussed above. The reversible-jamming part of the SJ-line
belongs to the partially irreversible-glass regime, because
the system remains in the same meta-stable glass state
despite of the plasticity (see Fig. 1 of Ref. [21] and the
discussion there).
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FIG. 14. Reversible-jamming and irreversible-jamming. (a)
Numerical data of the SJ-lines, for N = 8000 and a few
di↵erent 'eq (same data as in Figs. 7 and 13). The filled
and open symbols correspond to thermal and athermal pro-
tocols, respectively. (b) J-plane colored according to the
RMSD�r measured by one cycle of AQS (see text for details).
The reversible-jamming (blue) and the irreversible-jamming
(green) regimes are separated by the yielding-jamming sepa-
ration line (pentagon line), and the state-following line cor-
responding to the thermal SJ-line for 'eq = 'SF (red filled
triangle line).

VIII. ISOSTATICITY AND JAMMING
UNIVERSALITY

In this section we show that all packings on the J-
plane, either compression jammed or shear jammed, are
isostatic, and belong to the same universality jamming
class.

First, we show that the coordination number at
the jamming/unjamming transition satisfies the isostatic
condition. We compress the SS packings athermally from
{'j, �j} to {' > 'j, �j}, keeping the shear strain �j un-
changed. We then measure the coordination number z
(without rattlers) as a function of '. Figure 17(a) shows
that the coordination number z satisfies the isostatic con-
dition z = zj = 6, at the unjamming transition where
emech ! 0 from above jamming. Consistently, Fig. 17(c)
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FIG. 15. The RMSD measured by one cycle of ARC or
AQS. (a) The RMSD �r of an ARC-cycle, and the zero strain
RMSD �0

r of an AQS-cycle (obtained from (b)), are plotted
as functions of 'eq. The location of 'SF ⇡ 0.60 is indicated
by the vertical dashed bar. The RMSD is smaller than �th =
0.025 in the shaded region. (b) RMSD �r of an AQS-cycle as
a function of the jamming strain �j, along SJ-lines for N =
8000 and a few di↵erent 'eq (from top to bottom, 'eq =
0, 0.2, 0.4, 0.56, 0.595, 0.609, 0.630, 0.643). The data points are
fitted to an empirical form �r(�j) = �0

r + c�2
j (lines). The

zero strain RMSD �0
r is plotted as a function of 'eq in (a).

shows that the isostatic condition also holds at the jam-
ming transition where pentro ! 1 from below jamming
in thermal HSs. Moreover, the isostatic condition is
valid for any packing along the SJ-line, independent of
�j (Fig. 17(a) and (c)).

Second, we show that all packings above jamming (' >
'j) follow the same set of scaling laws. Under athermal
compressions, the pressure Pmech, the energy Emech and
the coordination number z all increase in SS packings.
Figure 17(a) shows that, for packings along the SJ-line
with the same 'eq = 0.643 but di↵erent 'j (blue triangle
line in Fig. 7), the data of energy density emech versus
z collapse onto the same master curve, which vanishes
at zj = 6. Furthermore, the following scalings, which are
well known for isotropically jammed packings [4], are also
satisfied in shear jammed packings (Fig. 17b),

Pmech ⇠ ' � 'j, (17)

and

z � zj = (' � 'j)
1/2. (18)

Third, we examine the scaling behavior below jamming
(' < 'j). To do that, we compute the cumulative struc-
ture function Z(r) of HS packings along the SJ-line for
'eq = 0.643. The packings are compressed or sheared
until the pressure reaches pentro = 1012. The cumulative
structure function is defined as

Z(r) = ⇢

Z r

0

ds4⇡s2g(s), (19)

where g(s) is the pair correlation function,

g(s) =
1

4⇡s2⇢N

*
X

i 6=j

� (s � rij/D12)

+
, (20)

(a) shear-jamming (SJ) line starting from different initial density with hard-spheres (filled 
symbol) and soft-spheres (empty symbols) . (b) the region explored by the hard-
spheres is “reversible” characterized by very small mean-squared displacement 
before/after cycling up to jamming from the initial states.



 Perspective

GPU parallelization of the SWAP algorithm 

(in progress)

 

 

FRUP 1-2 
Ɣ OYHUYLHZ RI WKH EQWLUH RHVHDUFK PODQ 

 

1） RHVHDUFK SXUSRVH: 

 
2） NHFHVVLW\ RI LPSOHPHQWLQJ DV D JHPCN MRLQW UHVHDUFK SURMHFW: 

  APRUSKRXV VROLGV DUH DEXQGDQW LQ QDWXUDO DQG LQGXVWULDO PDWHULDOV. TKH\ DUH TXLWH DSSHDOLQJ ERWK VFLHQWLILFDOO\ DQG 
WHFKQRORJLFDOO\ EHFDXVH RI WKHLU FRPSRVLWLRQDO YDULHWLHV DQG ULFK UKHRORJLFDO SURSHUWLHV. SFLHQWLILFDOO\, JODVVHV KDYH EHHQ 
FRQVLGHUHG DV RQH RI WKH PRVW FKDOOHQJLQJ XQVROYHG PDMRU SUREOHPV LQ IXQGDPHQWDO SK\VLFV. HRZHYHU WKH ILHOG LV 
FXUUHQWO\ UDSLGO\ GHYHORSLQJ EHFDXVH RI UHFHQW WKHRUHWLFDO EUHDNWKURXJKV DQG HPHUJHQFH RI QHZ VLPXODWLRQ WHFKQLTXHV. 
IW LV QRZ WKH ULJKW WLPH WR DFFHOHUDWH UHVHDUFKHV E\ GHYHORSLQJ KLJK SHUIRUPDQFH FRPSXWDWLRQDO VFKHPHV LQ WKH ILHOG. 
 TKLV JHPCN SURMHFW LV EDVHG RQ WKHRUHWLFDO GHYHORSPHQWV RQ UKHRORJLFDO SURSHUWLHV RI JODVVHV E\ HDMLPH <RVKLQR 
(UHSUHVHQWDWLYH) EDVHG RQ D FRPELQDWLRQ RI WKH GHQVLW\ IXQFWLRQDO PHWKRG DQG WKH UHSOLFD PHWKRG >6,7@ DQG GHYHORSPHQW 
RI VRIW-PDWWHU VLPXODWLRQ PHWKRGV E\ <XOLDQJ JLQ >1,3,5@ ZKLFK LQFRUSRUDWH WKH VZDS MRQWH CDUOR PHWKRG. TKH LGHD RI WKH 
SUHVHQW SURMHFW HPHUJHG ILQLVKLQJ WKHLU UHFHQW FROODERUDWLRQV RQ UKHRORJLFDO SURSHUWLHV RI KDUG-VSKHUH JODVVHV XQGHU 
TXDVL-VWDWLF GHIRUPDWLRQV (VHH VHF. 5) EHORZ) EDVHG RQ FRPSXWHU VLPXODWLRQV >1,3@ (VXPPDUL]HG EHORZ LQ 5) ) XQGHUWRRN 
DW OVDND UQLY. LQ WKH SHULRG 2016-2018 ZKHQ JLQ VHUYHG DV D SRVWGRFWRUDO UHVHDUFK IHOORZ WKHLU. JLQ UHFHQWO\ VWDUWHG WR 
VHUYH DV DVVRFLDWH PURIHVVRU DW IQVWLWXWH RI TKHRUHWLFDO PK\VLFV, CKLQHVH AFDGHP\ RI SFLHQFH LQ BHLMLQJ.  
 CRPSOHWLQJ WKH VXFFHVVIXO SURMHFW RQ WKH UKHRORJ\ RI KDUG-VSKHUH JODVVHV, <RVKLQR DQG JLQ UHDOL]HG WKDW LW LV QRZ 
QHFHVVDU\ WR GHYHORS SDUDOOHOL]HG YHUVLRQV RI WKHLU VLPXODWLRQ VFKHPHV LQFOXGLQJ WKH VZDS MRQWH CDUOR PHWKRG, WR 
FRQWLQXH IXUWKHU H[SORUDWLRQ RQ UKHRORJLFDO SURSHUWLHV RI GLYHUVH JODVV\ V\VWHPV: GHQVH DVVHPEO\ RI VRIW PDWWHUV OLNH 
HPXOVLRQV, SDWFK\ FROORLGV DQG PROHFXODU JODVVHV OLNH PHWDOOLF JODVVHV. IW LV DOVR LPSRUWDQW WR VWXG\ ODUJHU V\VWHP VL]HV WR 
RYHUFRPH ILQLWH VL]H HIIHFWV VLJQLILFDQW LQ VRPH YHU\ LPSRUWDQW UHJLRQV RI WKH SKDVH GLDJUDP (VHH EHORZ). TR UHDOL]H 
GHYHORSPHQW RI VXFK KLJK-SHUIRUPDQFH FRPSXWDWLRQDO VFKHPHV, D JHPCN UHVHDUFK SURJUDP ZKLFK DOORZV D FORVH 
LQWHUQDWLRQDO FROODERUDWLRQ ZLWK VXIILFLHQW FRPSXWDWLRQDO UHVRXUFHV IRU SDUDOOHO FRPSXWDWLRQV LV KLJKO\ GHVLUDEOH.  
 

3） SLJQLILFDQFH RI UHVHDUFK:  
 GODVVHV DUH ERUQ RXW RI OLTXLGV. UQOLNH FU\VWDOV, JODVVHV HPHUJH FRQWLQXRXVO\ LQ WKH OLTXLG VWDWH DV LW EHFRPHV  
VXSHU-YLVFRXV E\ FRROLQJ RU FRPSUHVVLRQ. TR PDNH FOHDU-FXW REVHUYDWLRQV RI VDOLHQW IHDWXUHV RI UKHRORJLFDO SURSHUWLHV RI 
JODVVHV, LW LV HVVHQWLDO WR SUHSDUH DW ILUVW D KLJK GHQVLW\, ZHOO HTXLOLEUDWHG OLTXLG. RHFHQWO\ LW ZDV UHDOL]HG WKDW WKLV FDQ EH 
HQDEOHG E\ 1) XVLQJ SRO\-GLVSHUVH V\VWHPV (PL[WXUH RI SDUWLFOHV ZLWK GLIIHUHQW GLDPHWHUV) DQG 2) SHUIRUPLQJ WKH ³VZDS 

MRQWH CDUOR PRYHV RQ WKH SRO\-GLVSHUVH PL[WXUHV. A VZDS 
PRYH FRQVLVWV RI D VLPSOH SDUWLFOH H[FKDQJH EHWZHHQ DQ 
DUELWUDULO\ FKRVHQ FRXSOH RI SDUWLFOHV RI GLIIHUHQW UDGLXV. IW KDV 
EHHQ GHPRQVWUDWHG >1,3,5@ WKDW WKH VZDS PRYHV DOORZ 
XQSUHFHGHQWHG OHYHO RI VSHHGLQJ XS RI WKHUPDOL]DWLRQ RI YHU\ 
GHQVH, YLVFRXV OLTXLGV, ZKLFK UHPDLQ RWKHUZLVH RXW-RI 
HTXLOLEULXP E\ FRQYHQWLRQDO PROHFXODU G\QDPLFV (RU MRQWH 
CDUOR) ZLWKLQ IHDVLEOH FRPSXWDWLRQ WLPH VFDOHV. B\ 
VZLWFKLQJ-RII WKH VZDS PRYHV DQG FKDQJLQJ WKH G\QDPLFV WR 
QRUPDO PROHFXODU G\QDPLFV, RQH LV OHIW ZLWK D SLHFH RI 

TKH SXUSRVH RI WKLV SURMHFW LV WR GHYHORS D VHW RI KLJK-SHUIRUPDQFH 
FRPSXWDWLRQDO VFKHPHV WR VWXG\ UKHRORJLFDO SURSHUWLHV RI DPRUSKRXV VROLG 
VWDWHV RI GHQVH DVVHPEO\ RI VRIW-PDWWHUV VXFK DV FROORLGVDQG HPXOVLRQV 
(VHH OHIW ILJXUH). :H ZLOO GHYHORS SDUDOOHOL]HG VLPXODWLRQ VFKHPHV ZKLFK 
HQDEOH 1) SUHSDUDWLRQ RI XOWUD-VWDEOH JODVV\ VWDWHV DW ORZ WHPSHUDWXUHV/ 
KLJK GHQVLWLHV RI WKH VRIW-PDWWHUV DQG 2) IROORZLQJ WKH HYROXWLRQ RI WKH 
JODVV\ VWDWHV XQGHU TXDVL-VWDWLF PHFKDQLFDO SHUWXUEDWLRQV (FRPSUHVVLRQ/ 
GHFRPSUHVVLRQ/ VKHDU) DQG KHDWLQJ. TKH FRUH SDUW RI RXU SURMHFW LV 
SDUDOOHOL]DWLRQ RI WKH UHFHQWO\ GHYHORSHG ³VZDS MRQWH CDUOR  ́PHWKRG ZKLFK 
HQDEOHV SUHSDUDWLRQ RI ³XOWUD-VWDEOH JODVVHV ,́ L.H. XQSUHFHGHQWHGO\ VWDEOH 
JODVVHV DJDLQVW GHFRPSUHVVLRQ DQG VKHDU GHIRUPDWLRQV, E\ FRPSXWHU 
VLPXODWLRQV. :H WKHQ DSSO\ WKH VFKHPH WR HOXFLGDWH UKHRORJLFDO SURSHUWLHV 
RI GHQVH DVVHPEO\ RI HPXOVLRQV. 

Further exploration of the non-linear rheology beyond jamming  via 
soft-core potential model


