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State following of amorphous soft condensed matters :

developments of high-performance computational schemes

Hajime Yoshino (Osaka University)

The concept of jamming has attracted great research interest due to its broad relevance

in soft-matter such as liquids, glasses, colloids, foams, and granular materials, and its deep

connection to the sphere packing problem and optimization problems. Here we show that

the domain of amorphous jammed states of frictionless spheres can be significantly extended,

from the well-known jamming-point at a fixed density, to a jamming-plane that spans the

density and shear strain axes.
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Dense assembly of emusion{cocecane droplets
Immerdesd in water+glycerol, confocal microscopic
Image taken by ER Weels and C Hollonger)

(E. Weeks "Soft jammed materials” (2014))
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The purpose of this project is to de-
velop a set of high-performance computa-
tional schemes to study rheological proper-
ties of amorphous solid states of soft-matter

such as dense assemblies of colloids and emul-



Yielding .
- - .
Sso 4 *
7 S -~ ':
- 0.
: £y ¢+ marginal glass phase
shear strain o
...
temperature Gardngp‘ﬁgnsi{io
‘ ___
o T N
kT /U,

Yielding shear strain i
’Yg

normal strain ‘
e<0
for compression

fixed shape, volume (density) change

shape change fixed volume (density)

normal strain

compression

expansion

Schematic stability-map of ultra-stable, emulsion glass upon deformations (normal/shear strain) and heating: the
initial glass (marked by the green square) is prepared with the help of the swap-Monte Carlo method.
The region enclosed by the thick-gray line corresponds to the hard-sphere regime.
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sions (see the figure above). Our project is
motivated by the recent developments of the
mean-field theory for amorphous, glassy soft-
matters in recent years [1] which produced in-
teresting predictions on the rheological prop-
erties [2, 3, 4]. However the mean-field theory
is exact only in the large dimensional limit
and its validity in the real three dimensional
systems is a totally open question.

In the present project we will develop par-

allelized simulation schemes which enable

1. Preparation of ultra-stable glassy
states at low temperatures/high densi-
ties. Such a state is represented as the
’starting point’ - the green-square point
- in Fig. 1. This is a hard-sphere config-
uration in a glassy state.

2. Glass state following under quasi-
static perturbations As shown in

Fig. 1, we explore the system under per-

turbations by applying the volume strain
€, shear-strain vy and temperature T'.
(kg is the Boltzmann’s constant.) Here
Up is the energy scale for the deforma-
tion of spheres so that Uy — oo in the
hard-spheres. With the hard-spheres, we
are confined in the kg7 /Uy = 0 plane.
Starting from the initial configuration
(green-square), we can bring the assem-
bly of hard-spheres to each point in the
region bounded by the thick-gray line.
The hard-sphere glass state yields be-
yond the yielinding line vy and jamms

approaching shear-jamming line ~j.

The core part of our project is paralleliza-
tion of the swap Monte Carlo (MC) [5]
method which enables preparation of “ultra-
stable glasses” , i.e. unprecedentedly stable
glasses against decompression and shear de-

formations, by computer simulations. We



then apply the scheme to elucidate rheologi-

cal properties of dense assembly of emulsions.
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After the JHPCN project, the scientific
program is now smoothly continued using the
same facility (OCTOPUS, Cybermedia cen-
ter) by the same international team. We ex-
perienced difficult time due to over-clouding
of the facility but the situation have im-
proved after introduction of a new job class

dedicated for program testing.
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4.1 GPU parallelization of the FIRE algorithm
and the swap algorithm

In our project, the key algorithms are 1)
swap Monte Carlo algorithm, 2) event-driven
molecular dynamics algorithm, 3) FIRE algo-
rithm.

This year we succeeded a GPU paralleliza-
tion of the 3) FIRE algorithm [6] which al-
lows us to follow quasi-static evolution of as-
semblies of soft, deformable particles under
perturbations. This algorithm is used in the
athermal system (strictly 7" = 0 system) un-
der perturbations discussed in sec 4.2.2.

We are currently working on GPU paral-
lelization of the 1) swap Monte Carlo algo-
rithm. Swap algorithm allows very efficient
thermalization of poly-disperse hard-sphres
[5]. The single step of the swap Monte Carlo
in the conventional version [5] goes as the
following. i) One picks up a pair of spheres
(which have different radii) randomly among

the all IV spheres in the system. ii) Then one

tries to swap the positions (the center of mass
coodinates) of the two hard-spheres. This is
accepted if the new configuration do not cre-
ate overlaps between the spheres with their
neighbors. Otherwise the new configuration
violates the hard-sphere constraint so that it
is rejected. The non-local motions of the par-
ticles are, of course, artificial processes which
do not exist in nature. But this greatly fa-
cilitates thermalization of the system so that
it is very useful for our project which needs
preparation of stable, well annealed initial
configuration (green-point in Fig. 1).

The original algorithm [5] allow long-
distance movement of the particles which
cannot be parallelized easily. To overcome
this difficulty we modified the algorithm us-
ing the standard cell decomposition tech-
nique. We divide the whole system into cells
(grids) such that only a few particles are con-
tained in each cell. Then for the swap pro-
cess, we only allow exchange of the particles
between adjacent cells. Then the procedure
can be easily parallelized. In this modified
version, particles do not make long-distance
motions allowed in the original version but
still make non-local motions. Currently we
are trying to evaluate efficiency of the modi-
fied and parallelized algorithm comparing it
with the conventional version.

4.2 Analysis of jamming

For the scientific part, this year we focused
on the shear-jamming (SJ) line 73, i. e. the
thick and dotted black-lines in Fig. 1. For a
given hard-sphere glass state, represented by
the green point in Fig. 1 at density ¢, there

is a corresponding SJ-line along which we



find jammed configurations associated with
the starting configuration.

Jamming is sometimes called as random
close packing (RCP). Before explaining RCP,
let us explain close packing (CP) which is the
crystalline counterpart of RCP. The notion
close packing refers to the maximally packed,
densest configuration of simple spheres. For
instance it is known in three dimensions, the
densest packings of equal-sized spheres are
the face-centered cubic (FCC) or the hexago-
nal close packing (HCP) lattices, whose den-
sities (packing fractions) are prcc = @ucp =~
0.74.

equal-sized colloids, this is the ideal dens-

For an assembly of ideal spherical
est state. In this state, a colloid cannot
move around at all being in direct contact
with its 12 neighbours. Note that FCC crys-
talline state itself exist at large enough den-
sities ¢ > 0.49 but the system is not jammed
at densities below 0.74, i. .e. spheres are
surounded by the 12 neighbours but they
can still make rattling motions inside the
Indeed

the colloidal crystalline state is the ther-

cages bounded by the neighbours.

modynamically state state at large densities
© > ¢y = 0.58 because of the rattling mo-
tion: the crystalline state create larger free-
volumes around spheres than disorderd lig-
uid configurations at large enough densities
so that the it is entropically more favorable
than liquid at large enough densities.

The notion jamming or random close pack-
ing referes to the amorphous version of the
close packing [7]. At ¢ > 0.49, the crys-
talline state emerges but the disordered, lig-

uid state can also remain. Such a liquid state

for ¢ > ¢ = 0.58 is called as supercooled
liquid state which is a metastable state. By
compressing the metstable liquid state up to
larger densities, the relaxational dynamics of
the system becomes extremely slow leading
to rapid the increase of the viscocity. At large
enough densities the time scale of relaxation
become so large such that the system appear
as an amorphous solid state within the ex-
perimental time scale. This is the colloidal
glass state. In a glass state, spheres can still
make rattling motinos inside cages created by
the neighbours. Now compressing the system
further, at a certain point the system jamms.
It is known that in the amorhous jammed
states of friction-less simple spheres, a sphere
is surounded on average by 6 neighbours.
The amorphous jammed state is very dif-
ferent from the crystalline CP state in several
respects. First it is only marginally stable in
the mechanical sense. The average contact
number 6 is the minimum number of con-
tact below which the mechanical force bal-
ance between the spheres cannot be main-
tained. The situation is called as isostatic.
Second, the jamming density ¢; is not unique
but depends on the details of the preparation
protocols in sharp contrast to the crystalline
CP which has pcp =~ 0.74. Thus a very inter-
esting question is to what extent the jammed
states share common, universal properties.
Spheres can be constrained not only by
compression but also by shear. In granular
rheology, the volume (in isobaric processes)
or the pressure (in isovolumetric processes)
of an assembly of granular particles can in-

crease under shear, known as Reynolds dila-



tancy [8]. Indeed granular matter and sus-

pensions can be jammed by shear. How-
ever, previous studies found that, for fric-
tionless spheres, shear jamming and isotropic
jamming occur at the same, v independent
density in the thermodynamic limit [9]. We
show that this is not true in general (see
Fig. 2). In the following report our results on
jamming explored by compression and shear
(Jin-Yoshino, 2020).
4.2.1 Models

The systems consist of N spherical parti-
cles in a simulation box of volume V', with
a continuous diameter distribution P(D) ~
D=3, where Dy < D < Dyyin/0.45 [5]. The
number density is p = N/V and the volume
fraction is ¢ = p(4/3)7D3. The mean di-
ameter D is set as the unity of length, and
all particles have the same unit mass m = 1.

For the same P(D), two models are studied.

(i) Thermal hard sphere (HS) model.
The model represents a suspension of
hard colloidal particles with negligible
friction. The simulation is performed

under constant unit temperature T =

1. Because the potential energy is al-

ways zero and only inter-particle col-

lisions contribute, both pressure Pentro
and stress Yentro are purely entropic.

We define the reduced entropic pres-

PentroV/NET and

the reduced entropic stress as gentro =

YentroV/NkpT, and set the Boltzmann

constant kg = 1. The method to com-

sure asS Pentro

pute pentro and Tentro 1S explained in de-

tail in Ref. [10]. Jamming occurs when

the entropic pressure and stress diverge.
(ii) Athermal soft sphere (SS) model.
The model represents a frictionless gran-
ular system. The SS potential has a har-
monic form U(ry;) = 3(1 — r5/Di;)?
(zero if r;; > D;;), where r;; is the
inter-particle distance between particles
i and j, and D;; = (D; + D;)/2 is the
mean diameter. The simulation is per-
formed at zero temperature. Both pres-
sure Ppeen and stress Xecn are con-
tributed by the mechanical contacts be-
tween particles, and therefore are purely
mechanical. The SSs are jammed if
Precn > 0, and the unjamming transi-

tion occurs as Ppecn — 0.

For the initial states, we generate equilib-
rium liquid configurations of the thermal HS
model at peq > 0, as well as purely random
(ideal gas) configurations at @eq = 0. To use
these initial configurations in the athermal
protocol (sec. 4.2.2), we simply need to re-
place the thermalized HSs by SSs at the same
positions, and switch off the temperature.
4.2.2 Athermal Protocol

Let us present here the results on jamming
obtained by the athermal SS model. We
used the following protocols to generate the
jammed states starting from the initial glass

state.

(i) Athermal
(ARC).
switch off the temperature of a HS

rapid compression

First, we instantaneously
equilibrium configuration at @.q. We
then work at zero temperature using the

SS inter-particle potential. The particle
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2 Shear-Jamming (SJ)-lines obtained by the athermal and thermal protocols. For

a given hard-sphere glass state (green point in Fig. 1) at density @eq, there is a corre-

sponding SJ-line along which we find jammed configurations associated with the starting

configuration. In panel a) the SJ-lines of various yeq obtained by athermal protocol (sec

4.2.2) are displayed. In panel b), the corresponding SJ-lines obtained by thermal proto-

col (sec 4.2.3) are displayed. In panel c), the SJ-lines obtained by the two protocols are

displayed on top of each other. Note that shear-jamming lines are not vertical except for

the special case peq = 0.

sizes are inflated or deflated propor-
tionally and instantaneously to match
a target density ¢j;. Overlaps between
particles are removed by minimizing the
total potential energy using the FIRE
algorithm [6].

Athermal quasistatic shear (AQS).
If the configuration is not jammed af-
ter the previous step, we further apply
AQS to the unjammed configuration. A
simple shear deformation in the z-z di-
rection is applied under Lees-Edwards
boundary conditions [11]. At each step,
all particles are shifted instantaneously
by x; = x; + dvz;, where z; and z; are
the x— and z—coordinates of particle 7,
and d+ is the strain step size, followed by
the FIRE algorithm to remove the over-
laps.

In Fig. 2 a), we show the shear-jamming

(SJ) lines obtained by the athermal proto-

cols. The jamming without shear v = 0 is

obtained by ARC. The jamming under shear
is obtained by ARS+AQS.
4.2.3 Thermal Protocol

Now we turn to jamming obtained by the
thermal HS model.

We used the follow-

ing protocols to generate the jammed states

starting from the initial glass state.

(i) Thermal compression (TC). To com-

press the thermal HS, we wuse the
Lubachevsky-Stillinger algorithm [12],
which is based on event-driven molecular
dynamics. Starting from an equilibrium
configuration at ¢eq, the algorithm com-
presses HSs by inflating their sizes with

a fixed rate I' = %%}. The simulation

time is expressed in unit of {/1/ kBmﬁ2.



(ii) Thermal quasi-static shear (TQS)
To simulate shear on the thermal HS,
we apply constant volume simple shear
in the z-z direction with a fixed rate
¥ = 1074

1000 collisions per particle, and then in-

At each step, we perform

stantaneously increase the shear strain
by dv = ydt, where t is the time elapsed
during the collisions. All particles are
shifted by z; — x; +6vz;. To remove the
possible overlappings introduced during
this shift, we switch to the SS potential
and use the FIRE algorithm to minimize
the energy. The SS potential is switched
off after. Lees-Edwards boundary condi-

tions are used.

In Fig. 2 b), we show the shear-jamming
(SJ) lines obtained by the thermal protocols.
The jamming without shear v = 0 is obtained
by TC. The jamming under shear is obtained
by TC+TQS.

4.2.4 Reversibility

In Fig. 2 c¢), we show the shear-jamming
(SJ) lines obtained by the athermal and ther-
mal protocols together. One can see that the
SJ lines of the thermal HS model obtained by
the thermal protocol agrees with those of the
athermal SS model obtained by the athemal
protocl up to the 'pentagon’. See also Fig. 1
where we also indicated the 'pentagon’ point.

We found jammed states below the ’pen-
tagon’ can be reversed back to the initial
starting point (the green square in Fig. 1 in
the following sense. By reversing the pro-
tocols, the configuration of the system can

be brought almost back to the initial con-

figuration: by measuring the mean-squared
displacement (MSD) between the initial con-
figuration and the configuration after the re-
versed process from the jammed states, we
found very small MSD of the order of that
due to thermal fluctuation inside cages of the
initial, unperturbed glass states.

425

We found all the jammed states obtained

Isostaticity and Jamming Universality

are sostatic (Fig. 3 (c)). The scaling proper-
ties approaching the jamming is universal in
all cases: i) power law scaling of the energy
approaching unjamming (SS) (Fig. 3 (a)), ii)
power law scaling of the excess contact num-
ber and mechanical pressue above jamming
(SS) (Fig. 3 (b)), and ii) power law scaling of
the distribution of gap between spheres ap-
proaching jamming (HS/SS) (Fig. 3 (d)).

SEEDEBRR L SHORE

We are satisfied with the scientific progress
on shear-jamming (thick and dotted black
lines in Fig. 1) as reported above. As for the
next step we will explore non-linear rheolog-
ical properties related to yielding of ather-
mal soft-spheres (dotted yielding line ~y) in
Fig. 1). The parallelization of the FIRE algo-
rithm is satisfactory and this will also greatly
help us in the analysis of the non-linear rhe-
ology.

We are continuing the assessment of the
efficiency of the parallelized version of the
swap algorithm compared with the conven-
tional one. Once established this method will
be very useful in studies of dense assembly of

soft-matters.
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3 Isostaticity and universality of jam-
ming. We show scalings (a-b) above jam-
ming ¢ > ; in athermal SSs, and (c-d)
below jamming ¢ < ¢j in thermal HSs,
for weq = 0.643 and N = 8000. Data in
(a-b) are obtained from athermal compres-
sions of SS packings from ¢; to ¢, for a few
different ; along the SJ-line. (a) Energy
density emech versus coordination number
z. (b) Mechanical pressure Ppech and the
excess coordination number z — z; as func-

tions of ¢ — ;.
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e Yuliang Jin, Hajime Yoshino, ‘A Jam-
ming Plane of sphere packings’ , (sub-

mitted) preprint: arXiv:2003.10814
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